The vibration analysis of the natural frequencies and mode shapes of a class of doubly-curved shells with different boundary conditions is presented. The doubly-curved shells are geometrically taken from various parts of a hollow torus with annular cross-section. The small strain, three-dimensional, linear elasticity theory is adopted to establish the governing equations of the problem in terms of the toroidal coordinate system (r, , '). The Chebyshev-Ritz method is used to set up the eigenvalue equation: displacement in each direction is taken as a triplicate product of the Chebyshev polynomials in r, and ', multiplied by a boundary function along with a set of generalized coefficients to yield upper bound values of the natural frequencies. The natural frequencies converge monotonically to the exact values as more terms of Chebyshev polynomials are included in the Ritz approximation. The effects of thickness ratio, radius ratio, toroidal angle in ' direction, initial angle and subtended angle in direction on natural frequencies and mode shapes are discussed in detail.
Introduction
Shells are widely used components in fields of engineering such as aerospace, marine, nuclear and building. It is well known that the scopes of shell study are fairly extensive and the configuration of shells varies considerably. In most cases, a shell structure takes on both the visual function and the practical function, such as the domes in churches, stadiums and museums. Melaragno (1991) summarized shell art in building design.
Various shell theories from thin shells to thick shells have been developed by introducing different assumptions for approximation, e.g. Love (1934) , Reissner (1941) , Donnell (1934) , and Flu¨gge (1973) . A lot of researchers have studied the vibrations of shells by analytical methods and numerical methods. Chaudhuri and Kabir (1994) presented the Navier-type solution for cross-ply doubly-curved panels using the shallow shell theories. Reddy (1983) presented the exact solution for simply supported cross-ply spherical shell panels using the modified Sanders shell theory. Furthermore, Reddy and Liu (1985) presented the Navier-type solutions for spherical shells using the higher-order shear deformation theory. Biglari and Jafari (2010) studied the simply supported spherical sandwich panels using a refined sandwich theory. Hosseini-Hashemi and Fadaee (2011) presented the closed-form solution for free vibration of moderately thick spherical shell panels. Most of the analytical solutions for shell panels were limited to simply supported boundary conditions. For general cases, numerical methods can be used to analyze the mechanical properties of shells, such as the finite element method (Pradyumna and Bandyopadhyay, 2008) , the differential quadrature method (Tornabene and Viola, 2007) and the meshless method (Zhao et al., 2004) , etc. It should be mentioned that the Ritz method has the advantage of high accuracy and small computational cost in the vibration analysis of structure elements, which is especially suitable for the parameterizing study. summarized the study on vibrations of shallow shells. Lim et al. (1997) made a detailed study of the applicable range of shallow shell theory for single curve cylindrical panels using the two-dimensional simple polynomials as admissible functions. Leissa (1992, 1993 ) studied the free vibration of shallow shells with twoadjacent edges clamped and examined the effect of edge constraints on frequencies of shallow shells using the algebraic polynomials as admissible functions. Furthermore, Narita and Liessa (1986) studied the vibration of completely free shallow shells with curvilinear boundaries. Based on the KirchhoffLove theory, the vibration characteristics of shells from cylindrical shells (Lim and Liew, 1994; Liew and Lim, 1994a) to doubly-curved shells (Liew and Lim, 1994b , 1995a , 1996a were analyzed. However, with the increase of shell thickness, the shear deformable effect becomes significant. In such a case, refined theories, e.g. firstorder deformable theory (Lim and Liew, 1996) or higher-order theory (Lim and Liew, 1995) are proposed. Liew and Lim (1995b , 1996b ) made a systematic study of the vibration characteristics of doubly-curved thick shallow shells using the two-dimensional polynomials as admissible functions in the Ritz method.
The exact elasticity theory is free from any hypotheses involving kinematics, which can only be valid in some particular situations. Using the three-dimensional (3-D) elasticity theory, a complete set of frequency spectrum with no modes could be obtained, which cannot otherwise be predicted by the approximate theories. Such an analysis not only provides the realistic results but also allows overall physical insights. Compared with the works based on various shell theories as mentioned above, those developed directly from the exact threedimensional linear elasticity are relatively few. Kang (1999, 2002) studied the 3-D vibration of thick shells of revolution and paraboloidal shells using the algebraic polynomials as admissible functions. Also Leissa (2000, 2005) studied the 3-D vibrations of thick hyperboloidal shells of revolution and thick spherical shell segments with variable thickness. Young (2000) studied the 3-D vibration of doublycurved shells, arbitrarily deep in one direction. McGee and Spry (1997) studied the 3-D vibration of spherical shells of revolution. Liew et al. (2002) used the one-and two-dimensional orthogonal polynomials as admissible functions to study 3-D vibrations of spherical shell panels. Lim et al. (1998) studied the 3-D vibration of open cylindrical panels. Liew et al. (2000) verified the accuracy of the Ritz solutions through the comparison with the finite element solutions.
The accuracy and convergence of 3-D Ritz solutions depend very much on the admissible functions chosen. Unsuitable admissible functions could result in bad convergence and/or unstable numerical computations. As is well known, the Chebyshev polynomials (Fox and Parker, 1968) are a set of orthogonal polynomials with many excellent mathematical properties. Using such polynomials as admissible functions can speed up the convergence of results and guarantee numerical stability in the 3-D vibration analysis of structural components (Zhou, 2003) . Zhou and his co-workers (Zhou et al., , 2009 Zhou and Lo, 2012 ) studied 3-D vibrations of cylinders, annular sector plates and circular plates with varying thickness by using the Chebyshev-Ritz method. Excellent convergence and high accuracy of the method have been demonstrated. For solid/hollow rings with circular or sectorial cross-section (Zhou et al., 2002 (Zhou et al., , 2010a (Zhou et al., , 2011 and circularly-curved beams with circular cross-section (Zhou et al., 2010b) , using a set of toroidal coordinate system displays the technical convenience in 3-D vibration analysis. Based on the toroidal coordinates developed, all the boundaries of the problems mentioned above are described by constant coordinate values. In the present study, the Chebyshev-Ritz method will be used to analyze the 3-D vibration of a variety of doubly-curved thick shells by means of the exact small strain linear elasticity theory.
Formulation
Firstly, we consider a hollow ring torus with annular cross-section as shown in Figure 1 . The outer radius of the cross-section is denoted by r 1 and the inner radius is denoted by r 0 . The toroidal radius (the distance from the center of the torus to the center of the cross-section) is denoted by R. A combination of the two-dimensional polar coordinates (r, ) with the origin at the center of the cross-section and the one-dimensional angle coordinate ' with the origin at the center of the torus is chosen to describe the strains and the stresses. The angle is measured from the torus plane. Now, we take a panel from the torus in such a way that ' varies from 0 to ' 0 (called toroidal angle) and is from 0 (called initial angle) to 1 þ 0 ( 1 (called subtended angle) as shown in Figure 1 . It can be seen from the figure that various shaped shell panels can be described by taking different 0 and 1 . Three typical shell panels are given in Figure 2 , in which (a) is taken from the outer part of the torus, (b) is taken from the inner part of the torus, and (c) is taken from the lateral part of the torus. It is obvious that R ¼ 0 means spherical shell panels and R ¼ 1 means cylindrical shell panels. The 3-D coordinates (r, , ') form an orthogonal set, the position vector indicated in Figure 1 defines a typical point P on the torus represented parametrically as
The unit vectors along the Cartesian coordinates, 
The determinant of the Jacobian matrix [J] defining a ratio of volumetric changes in Cartesian coordinates to those in toroidal coordinates, as follows:
Let u, v and w, respectively, be the displacements in the r, and ' directions, the relations between three-dimensional tensor strains and displacement components in the present coordinate system are given by
Therefore, the strain energy V and the kinetic energy T of the shell panel undergoing free vibration are
where is the constant mass per unit volume; _ u, _ v and _ w are the velocity components. The parameters and G are the Lame´constants for a homogeneous and isotropic material, which are expressed in terms of Young's modulus E and Poisson's ratio by
In the free vibrations, the displacement components may be expressed as
where ! is the circular eigenfrequency of the shell panel and i ¼ ffiffiffiffiffiffi ffi À1 p . Defining the following dimensionless coordinates:
Substituting equations (6) and (7) into equation (4) gives the maximums of strain and kinetic energies:
in which,
The Lagrangian energy functional Å of the shell panel is given by
The displacement functions Uð" r, , " 'Þ, Vð" r, , " 'Þ and Wð" r, , "
'Þ are expressed in terms of finite series as
where
Þ are the boundary functions in the direction, which describe the boundary conditions of the panel at edges ¼ 0 and
'Þ are the boundary functions in the ' direction, which describe the boundary conditions of the panel at edges ' ¼ 0 and ' ¼ ' 0 . A ijk , B lmn and C pqs are the undetermined coefficients and I, J, K, L, M, N, P, Q, S are the truncated orders of their corresponding series. F i ð" rÞ, F l ð" rÞ, F p ð" rÞ,
'Þ are Chebyshev polynomials of the first kind, which can be uniformly expressed as:
The first five Chebyshev polynomials T n ðxÞ (n ¼ 0, 1, 2, 3, 4, À1 x 1) are given in Figure 3 . It is noted that in the Ritz method, the stress boundary conditions of the panels need not be satisfied in advance, but the geometric boundary conditions should be satisfied exactly. There is no displacement restraint on the curved surfaces of the panels at r ¼ r 0 and r ¼ r 1 . Therefore, the boundary functions
'Þ are sufficient to enable the displacement components u, v and w satisfying the geometric boundary conditions at boundaries ¼ 0 , ¼ 0 þ 1 , and ' ¼ 0, ' ¼ ' 0 respectively, which are shown in Table 1 .
It should be mentioned that the Chebyshev polynomials has two distinct advantages over other polynomials. One is that F i ðÞ (i ¼ 1, 2, 3, . . . ) is a set of complete and orthogonal series in the interval [À1, 1], which is more stable in numerical computations than other admissible functions such as the simple algebraic polynomials (Fox and Parker, 1968; Zhou, 2003) . The other advantage is that F i ðÞ (i ¼ 1, 2, 3, . . . ) can be expressed in a simple and unified form of cosine functions, which is easier for coding than the orthogonal recurrent polynomials constructed from the Schmidt process. It is obvious that the completeness and orthogonality of the admissible functions in and/or ' directions have been destroyed by the boundary functions, except for the complete free panels. However, the boundary functions used here always take positive values in the panel domain. This means that the boundary functions would not affect the zero point distributions of the admissible functions within the panel domain, which are completely determined by the Chebyshev polynomials. In other words, the boundary functions can only adjust the amplitude of the Chebyshev polynomials in the panel domain. Therefore, the main properties of the Chebyshev polynomials are still preserved in the admissible functions. We can conclude that there is no frequency lost in the present analysis if enough terms of the admissible functions are used.
Minimizing functional (10) with respect to the coefficients of the displacement functions, i.e.
we have the following eigenfrequency equation:
where ¼ !a ffiffiffiffiffiffiffiffi ffi =G p , and
. . .
Each element in matrices ½K ij and ½M ij (i, j ¼ u, v, w) can be numerically evaluated by the Gaussian quadrature. Solving equation (14), total 
Convergence and comparison
In order to validate the reliability of the proposed approach described above, it is necessary to conduct the convergence studies to determine the number of terms of Chebyshev polynomial series needed in equation (14). The convergence study is based upon the fact that all the frequencies obtained by the Ritz method should converge to their exact values in an upper bound manner. Two typical shell panels with completely free boundaries are first considered. One is taken from the convex part of the hollow torus, which is a cap-shaped shell panel. The other is taken from the concave part of the hollow torus, which is a saddle-shaped shell panel. The radius ratio of these two shell panels is R/r 1 ¼ 1.2, the thickness ratio is r 0 /r 1 ¼ 0.8, the toroidal angle of the shell panels is Table 1 . The common boundary functions.
C.: boundary conditions in two opposite edges; C: clamped edge; F: free edge. The first capital letter is for the boundary condition at ¼ 0 and for that at ' ¼ 0. The second capital letter is for the boundary condition at ¼ 0 þ 1 and for that at ' ¼ ' 0 .
' 0 ¼ 90 and the subtended angle of the cross-section is 1 ¼ 90 . For the cap-shaped shell panel, the initial angle of the cross-section is 0 ¼ À45 and for the saddle-shaped shell panel, the initial angle of the cross-section is 0 ¼ 135 . The Poisson's ratio is ¼ 0.3. From these shells' configurations, the vibration modes can be classified into the AA, AS, SA and SS ones where the capital letter ''A'' means antisymmetric while ''S'' means symmetric. The first capital letter is referred to the ' plane and the second is referred to the r-plane. Tables 2 and 3 give the first eight dimensionless frequencies of every mode classifications for these two shell panels where six zero frequencies for completely free shell panels are not included. To simplify the convergence study, equal numbers of Chebyshev polynomial terms in every coordinate were taken for all the three displacement functions U, V and W, although using unequal numbers of Chebyshev polynomial terms could be more optimal. Five groups of different terms were checked. It is seen from Table 2 and Table 3 that with the increase of the number of terms, all of the frequencies monotonically decrease. Using 9 Â 9 Â 9 terms of the Chebyshev polynomials gives the same frequencies in five significant figures as those using 10 Â 10 Â 10 terms of the Chebyshev polynomials. Even just using 5 Â 5 Â 5 terms still guarantees satisfactory accuracy.
A comparison study of the present 3-D ChebyshevRitz solutions with previously published 2-D and 3-D results is given in Table 4 for spherical shell panels with square planform from thin shells to thick shells. In line with the values given in the references, the dimensionless frequency ! ffiffiffiffiffiffiffiffi ffi =E p is taken with a new set of size parameters: the mean radius r m , the shell thickness h and the side length of the square planform a. The Poisson's ratio is ¼ 0.3. Two kinds of boundary conditions are considered: completely free (FFFF) and fully clamped (CCCC). The results obtained in the current approach are compared to the first-order theory (Liew and Lim, 1995b) , the third-order theory (Reddy and Liu, 1985) , the higher-order theory (Reddy, 1983) and the exact 3-D theory (Liew et al., 2002) . It is observed from Table 4 that in general the present Chebyshev-Ritz solutions are in good agreement with those from different theories. It is seen that with the increase of the shell thickness, the discrepancies between the 3-D solutions and the 2-D solutions increase, especially for the fully clamped (CCCC) spherical shell panels. It is well known that the finite element solutions can provide reliable results with large computational cost. The comparative study of the present solutions with those obtained by the finite element (FE) method is summarized in Tables 5-7 for three shell panels: two cap-shaped shell panels and a saddle-shaped shell panel. The shells are made of concrete with the elastic modulus E ¼ 3.25 Â 10 10 Pa, per unit volume ¼ 2600 kg/m 3 and the Poisson's ratio ¼ 0.2. The tetrahedral solid elements with four nodes in software package ANSYS, 38,424 elements with 212,658 degrees of freedom, were used for the numerical computations. In Tables 5 and 7 , the sizes of the shell panels are R ¼ 80 m, r 0 ¼ 40 m and r 1 ¼ 50 m while in Table 6 , the sizes of the shell panel are R ¼ 18 m, r 0 ¼ 40 m and r 1 ¼ 50 m. These three shell panels have different toroidal angles, subtended angles and initial angles. Three kinds of boundary conditions are considered: completely free (FFFF), fully clamped (CCCC) and clamped at two edges in ' direction but free at two edges at direction (CFCF). It is seen from Tables 5-7 that the present solutions are in good agreement with the finite element solutions. Looking through the data, it can be seen that the present results are always lower than the corresponding ones from the finite element method. This means that the present solutions are of higher accuracy than the finite element solutions because both methods provide upper bound values of the exact solutions. Moreover, it is observed that for thick shell panels, the frequencies tend to huddle together. Therefore, in some cases a large number of vibration modes could be required when a thick shell is subjected to broadband excitations. For example, when the thick panel is subjected to a shock load, it is necessary to use a large number of vibration modes for a realistic prediction of the dynamic response.
Numerical results
Having verified the convergence and accuracy of the present method, the effects of various size parameters such as the radius ratio R/r 1 , thickness ratio r 0 /r 1 , toroidal angle ' 0, initial angle 0, and subtended angle 1 on frequencies were discussed. In the following study, the radius ratio R/r 1 ¼ 1.5 and the Poisson's ratio ¼ 0.3 are fixed. Tables 8-11 show the effect of thickness ratio r 0 /r 1 on frequencies of shell panels with toroidal angle ' 0 ¼ 90 and subtended angle 1 ¼ 90 . Two kinds of shell panels are considered: a cap-shaped shell panel with the initial angle 0 ¼ À45 and a saddleshaped shell panel with the initial angle 0 ¼ 135 . Reddy (1983) .
Two boundary conditions are adopted: completely free (FFFF) and clamped at ' direction but free at direction (CFCF). It is seen from Tables 8-11 that in most cases, with the increase of the thickness ratio r 0 /r 1 frequencies decrease. This means that the frequencies of thick shells are higher than those of thin shells. However, we can find exceptional cases for some very thick shell panels, e.g. the eighth AS mode for Table 10 , the eighth AS and SS modes for r 0 /r 1 ¼ 0.6, 0.7 and the eighth AA mode for r 0 /r 1 ¼ 0.6 in Table 11 . Moreover, we can see that the effect of the shell thickness on frequencies of thin shell panels is higher than that on frequencies of thick shell panels.
Figures 4 and 5 study the effect of initial angle 0 on first six non-zero frequencies of shell panels with especially when the panel has a larger 0 . However, it can be seen from Figure 5 that for the CFCF panel with 1 ¼ 360 and ' 0 ¼ 180 the frequencies decrease, in general, with the increase of the initial angle 0 . It is obvious that 1 ¼ 360 means the panel has a crack along the meridian.
The first few mode shapes for three typical doublycurved shell panels with toroidal angle ' 0 ¼ 180 and subtended angle 1 ¼ 180 are plotted. The CFCF boundary conditions were applied to all the panels. Figure 6 gives the first two AA mode shapes and SS mode shapes of a cap-shaped shell panel ( 1 ¼ À90 ) and Figure 7 gives those of a saddle-shaped shell panel ( 1 ¼ 90
). Figure 8 gives the first two A mode shapes and S mode shapes of a sectorial-shaped shell panel ( 1 ¼ 0 ). It is seen from Figures 6-8 that each mode is generally a combination of flexural, extensional, shear and torsional deformations.
Conclusion
The Chebyshev-Ritz approach is developed for the 3-D vibration analysis of doubly-curved shell panels. The present shell panel model describes a lot of commonly used shell-structural components. The analysis is based on the small strain linear elasticity theory. Convergence and comparison studies verify the present method for accuracy and computational cost. When a large number of frequencies are needed, the computational robustness can be guaranteed by the Chebyshev polynomials. The method is straightforward, but it is capable of determining a large number of frequencies with high accuracy. The data thus presented may be regarded as benchmark results against 3-D results obtained by other methods, such as the finite element method and finite difference method, and 2-D shell theories may also be compared to check their accuracy. 
